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On new examples of Hamiltonianminimal
and minimal Lagrangian submanifolds in Cn
and CP n
A. E. Mironov
1 Introdution and main results
In this artile we propose a new method for the onstrution of Hamiltonian
minimal (H-minimal) and minimal Lagrangian immersions of some manifolds
in Cn and in CP n. By this method one an onstrut, in partiular, immer-
sions of suh manifolds as the generalized Klein's bottle Kn, the multidimen-
sional torus, Kn−1×S1, Sn−1×S1, and others. In some ases these immersions
are embeddings. For example, it is possible to embed the following manifolds:
K2n+1, S2n+1 × S1, K2n+1 × S1, S2n+1 × S1 × S1.
An immersion ψ : L→ P of an n-dimensional manifold L in a sympleti
2n-dimensional manifold P with a sympleti form ω is alled Lagrangian, if
ψ∗(ω) = 0.
In the sequel let P be a Kahler manifold with a sympleti form ω =
−Imds2, where ds2 is a Hermitian metri on P .
A Lagrangian immersion ψ is alledH-minimal if the variations of volume
ψ(L) along all Hamiltonian fields with ompat supports vanish:
d
dt
vol(ψt(L))|t=0 = 0, (1)
where ψ0(L) = ψ(L), ψt(L) is a deformation ψ(L) along a Hamiltonian field
W , i.e. suh a field that the one-form ωW (ψ
∗(ξ)) = ψ∗ω(W, ξ) is exat on L,
and vol(ψt(L)) is the volume of the deformed part of ψt(L).
As an example of Hamiltonian deformations we an onsider deformations
of a unit irle in a unit sphere S2 when S2 is laid out on two parts of equal
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area in eah moment of time. We reall that an immersion is alled minimal
if the variations of volume ψ(L) along all fields vanish.
Let M be a k-dimensional manifold given in Rn by a system of equations
e1ju
2
1 + . . .+ enju
2
n = dj, j = 1, . . . , n− k, (2)
where dj ∈ R, eij ∈ Z.
Sine dimM = k, we an assume that equations (2) are linearly indepen-
dent and the integer vetors ej = (ej1, . . . , ej(n−k)) ∈ Z
n−k, j = 1, . . . , n form
a lattie Λ in Rn−k of maximum rank. Let's denote by Λ∗ a dual lattie to
Λ, i.e.,
Λ∗ = {λ∗ ∈ Rn−k|(λ∗, λ) ∈ Z, λ ∈ Λ}.
By Γ we denote the following fator group
Γ = Λ∗/2Λ∗.
The following isomorphism takes plae
Γ = Zn−k2 .
By T n−k we denote the (n− k)-dimensional torus
T n−k = {(epii(e1,y), . . . , epii(en,y))} ⊂ Cn,
where y = (y1, . . . , yn−k) ∈ R
n−k
and (ej , y) = ej1y1 + . . .+ ej(n−k)yn−k.
We define an ation of group Γ on the manifoldM ×T n−k. For γ ∈ Γ let
γ(u1, . . . , un, y) = (u1 cos pi(e1, γ), . . . , un cos pi(en, γ), y + γ).
Note that cospi(ej , γ) = ±1. We introdue a map
ϕ : M × T n−k → Cn,
ϕ(u1, . . . , un, y) = (u1e
pii(e1,y), . . . , une
pii(en,y)).
Let denote by e a vetor e1 + . . . + en. We assume C
n
is endowed by the
Eulidian metri and the sympleti form
ω = dx1 ∧ dy1 + . . .+ dxn ∧ dyn.
The following theorem is valid:
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Theorem 1 Group Γ ats on M × T n−k freely. Map ϕ gives an immersion
ψ1 : M1 = M × T
n−k/Γ→ Cn.
Immersion ψ1 is Lagrangian H-minimal. If e = 0, then ψ1 is a La-
grangian minimal immersion.
Below we will show that ψ1 is a bijetive map between everywhere open
dense subsets in M1 and ψ1(M1) whih are determined by inequalities uj 6=
0, j = 1, . . . , n. Thus, selfintersetions of ψ1(M1) an appear only at points
for whih uj = 0 for some j.
For M1 to be losed it is suffiient, for example, to require that one of
equations (2) gives an ellipsoid. The ondition e = 0 does not allow M1 to
be losed.
The notion of H-minimality was introdued by Oh [1℄. He also proved
that the torus
S1(r1)× . . .× S
1(rn) ⊂ C
n,
where S1(rj) is a irle of radius rj is an H-minimal Lagrangian submani-
fold in Cn. Other examples of H-minimal Lagrangian tori in C2 have been
onstruted by Castro and Urbano [2℄ and Helein and Romon [3℄. In [4℄ Helein
and Romon onstruted an immersed (with selfintersetion)H-minimal Lagran-
gian Klein's bottle in C2. As was shown by Nemirovski [5℄, there exist no
Lagrangian Klein's bottles embedded in C2.
Let's note that in Cn there exist no losed minimal submanifolds.
We also note that Oh's example follows from the fat that the irle
S1(r) in C is an H-minimal Lagrangian submanifold, and from the following
lemma.
Lemma 1 Let P = P1 × P2 and ω = pi
∗
1ω1 + pi
∗
2ω2, where (Pi, ωi) is Kahler
manifold and pii : P → Pi is a proejetion, i = 1, 2. Let Li ⊂ Pi be a
H-minimal Lagrangian submanifold, i = 1, 2. Then the submanifold L =
L1 × L2 ⊂ P is H-minimal Lagrangian.
Lemma 1 is also valid for immersions.
Let's onsider the ase of M being a one, i.e. dj = 0 in equation (2).
Then to this one there orresponds an immersion ψ2 into the omplex pro-
jetive spae CP n−1 of a (n−1)-dimensional manifoldM2 whih results from
fatorization of manifold (M − {0})× T n−k/Γ by ation of R∗
ψ2(u1, . . . , un, y) = (u1e
pii(e1,y) : . . . : une
pii(en,y)).
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We suppose that CP n−1 is endowed by the Fubini  Studi metri and as a
sympleti form we onsider the Kahler form Ω of this metri.
Theorem 2 Map ψ2 is an H-minimal Lagrangian immersion.
If e = 0, then ψ2 is a minimal Lagrangian immersion.
It is now evident how to onstrut the losed manifold M2. For this it is
suffiient, for example, that in any of the equations (2) all but one oeffiient
be positive.
Helein and Romon established a orrespondene between H-minimal La-
grangian ones in C3 and H-minimal Lagrangian surfaes in CP 2, but did not
propose expliit examples [6℄. Castro and Urbano in [7℄ onstruted examples
of Lagrangian minimal tori in CP 2.
From Lemma 1 follows, that, using examples of H-minimal Lagrangian
immersions in Cn and CP n, one an onstrut H-minimal Lagrangian immer-
sions in Cn × CP n1 × . . .× CP nk .
Lemma 1 is proven in paragraph 2, Theorems 1 and 2 are proven in
paragraphs 3 and 4. We will give some examples for Theorems 1 and 2 at
the end of paragraphs 3 and 4, respetively.
The author thank Ya. V. Bazaikin and I. A. Taimanov for valuable on-
versations.
2 Proof of Lemma 1
Let H denote a vetor field of mean urvature along L. Oh proved the fol-
lowing assertion:
A Lagrangian submanifold L ⊂ P is H-minimal if and only if
δωH = 0,
where δ is the Hodge dual operator to d.
Atually, by formula of volume variation along field W we have
d
dt
vol(Lt) =
∫
L
< H,W > dvol =
∫
L
< ωH , ωW > dvol,
where Lt is the deformation of L along field W . For every funtion f on L
we an selet a hamiltonian field W suh that ωW = df , onsequently, this
assertion follows from the arbitrariness of f (for details see [1℄).
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Proof of Lemma 1. L is Lagrangian beause
ω(V, V ′) = ω(pi∗1V1 + pi
∗
2V2, pi
∗
1V
′
1 + pi
∗
2V
′
2) =
pi∗1ω1(V1, V
′
1) + pi
∗
2ω2(V2, V
′
2) = 0,
where V and V ′ are vetors tangent to L, Vi and V
′
i are uniquely definåd
vetors to Li suh that V and V
′
deompose into the sum of their lifting on
L, V = pi∗1V1 + pi
∗
2V2, V
′ = pi∗1V
′
1 + pi
∗
2V
′
2 .
We show that δpi∗1α = pi
∗
1δα, where δ = − ∗ d∗, ∗ is Hodge's star, α is a
one-form on P1. Let (x) = (x1, . . . , xn) be oordinates in the neighbourhood
of p1 ∈ P1, and let (y) = (y1, . . . , yk) be oordinates in the neighbourhood of
p2 ∈ P2. Beause δ and pi
∗
1 are linear it is suffiient to onsider the ase of
α = f(x)dx1. Operator ∗ on P1 has the form
∗
dx1
g1(x)
=
1
g2(x)
dx2 ∧ . . . ∧ dxn, ∗
1
g1(x)g2(x)
dx1 ∧ . . . ∧ dxn = 1,
where g1(x) and g2(x) are the norms of the forms dx1 and dx2 ∧ . . . ∧ dxn.
Analogially, star ∗ on P has the form
∗
dx1
g1(x)
=
1
g2(x)g(y)
dx2 ∧ . . . ∧ dxn ∧ dy1 ∧ . . . ∧ dyk,
∗
1
g1(x)g2(x)g(y)
dx1 ∧ . . . ∧ dxn ∧ dy1 ∧ . . . ∧ dyk = 1,
where g(y) is the norm of form dy1 ∧ . . . ∧ dyk. Then
pi∗1δα = −pi
∗
1 ∗ d ∗ α = −pi
∗
1 ∗ d
(
f(x)g1(x)
g2(x)
dx2 ∧ . . . ∧ dxn
)
= −pi∗1∗
(
∂x1
(
f(x)g1(x)
g2(x)
)
dx1 ∧ . . . ∧ dxn
)
= −∂x1
(
f(x)g1(x)
g2(x)
)
g1(x)g2(x).
On the other hand
δpi∗1α = − ∗ d
(
f(x)g1(x)
g2(x)g(y)
dx2 ∧ . . . ∧ dxn ∧ dy1 ∧ . . . ∧ dyk
)
= − ∗
(
∂x1
(
f(x)g1(x)
g2(x)g(y)
)
dx1 ∧ . . . ∧ dxn ∧ dy1 ∧ . . . ∧ dyk
)
5
= −∂x1
(
f(x)g1(x)
g2(x)
)
g1(x)g2(x).
Analogially one an show that δpi∗2α = pi
∗
2δα.We note that by the definition
of mean urvature it is not diffiult to obtain equality H = pi∗1H1 + pi
∗
2H2,
where Hi is a vetor field of mean urvature along Li. Then H-minimality
of L follows from equalities
δωH = δωpi∗
1
H1+pi∗2H2
= δpi∗1ω1H1 + δpi
∗
2ω2H2
= pi∗1δω1H1 + pi
∗
2δω2H2 = 0.
Thus, Lemma 1 is proven.
3 Immersions in C
n
(Theorem 1)
There is a riterion of H-minimality in terms of the Lagrangian angle  a
funtion defined on L:
An immersion ψ of manifold L is H-minimal if and only if the Lagrangian
angle is a harmoni funtion on L.
We reall the Wolfson onstrution [8℄ of building a Lagrangian angle.
We hoose an orientation on L. Let K be a anonial linear bundle over P
with the onnetion ∇, indued by the LeviChivita onnetion. Setions of
K are holomorphi n-forms on P . We suppose that there exists some setion
σ of bundle ψ∗K parallel on L in indued onnetion, i.e. ψ∗∇σ = 0. Let the
norm of σ in eah point be equal to 1. In eah point x ∈ L we hoose an
orthonormal tangent frame ξ onordant with the orientation of L. Then we
obtain some funtion β(x) on L, defined by equality
σ(ξ) = eiβ(x).
Funtion β is alled Lagrangian angle on L. The value of β is independent
of the hoie of ξ. For another hoie of σ funtion β an hange only by a
onstant, onsequently, the one-form dβ is orretly defined on L (for details
see [8℄). In the general ase funtion β(x) is multivalued. By moving on a yle
β(x) an hange its value by 2k, k ∈ Z. Wolfson [8℄ showed that dβ = ωH .
Consequently, immersion ψ is H-minimal if and only if the Lagrangian angle
is a harmoni funtion on L, i.e. ∆β = δdβ = 0.
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With the help of the Lagrangian angle one an alulate the vetor of
mean urvature of ψ(L). From the lagrangianality of ψ and equalities
(JPH, V )P = ω(H, V ) = dβ(ψ
∗(V )) = (ψ∗(gradβ), V )P ,
where (., .)P is a Riemannian metri on P , JP is a omplex struture on P ,
V is a tangent vetor to ψ(L), we obtain
H = −JPψ∗(gradβ) (3)
(in points of selfintersetion of ψ(L) there arise some vetors H).
For Lagrangian immersions in Cn, the Lagrangian angle an be alulated
by means of form
dz1 ∧ . . . ∧ dzn,
sine it is parallel on Cn, and, onsequently,
ψ∗∇(ψ∗(dz1 ∧ . . . ∧ dzn)) = 0.
The following lemma is neessary.
Let there be given a blok diagonal metri of the form
ds2 =
k∑
i,j=1
gij(x)dxidxj +
n−k∑
i,j=1
g˜ij(x)dyidyj, (4)
where (x) = (x1, . . . , xk) and (y) = (y1, . . . , yn−k).
Lemma 2 If funtion α is linear on y:
α = α1y1 + . . .+ αn−kyn−k, αj ∈ R,
then it is harmoni in metri ds2.
Proof. We denote detgij, detg˜ij and the omponents of the matries
(gij)
−1
and (g˜ij)
−1
by g, g˜, gij and g˜ij, respetively. Then
∆α =
1√
gg˜
∑
k
∂xk(
∑
i
gik
√
gg˜∂xiα) +
1√
gg˜
∑
k
∂yk(
∑
i
g˜ik
√
gg˜∂yiα) = 0.
Lemma 2 is proven.
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By
< ξ, η >=
n+1∑
i=1
ξiηi = (ξ, η)− iω(ξ, η)
we denote the Hermitian produt of vetors ξ and η in Cn.
Proof of Theorem 1. Let F˜ = (f1(x), . . . , fn(x)) be a map on M,
where x ∈ Uk ⊂ Rk. We onsider a map on ψ1(M1)
F = (f1(x)e
pii(e1,y), . . . , fn(x)e
pii(en,y)) : Uk × V n−k → ψ1(M1) ⊂ C
n,
where y ∈ V n−k ⊂ Rn−k. From equality (2) we obtain
〈∂yjF, ∂xsF 〉 = piie1jf1∂xsf1 + . . .+ piienjfn∂xsfn = 0, (5)
onsequently, the indued metri on M1 in loal oordinates has the form
(4). Further, from (5), 〈∂xsF, ∂xjF 〉 ∈ R and 〈∂ysF, ∂yjF 〉 ∈ R we obtain
equalities
ω(∂yjF, ∂xsF ) = ω(∂yjF, ∂ysF ) = ω(∂xsF, ∂xjF ) = 0,
whih means that the embedding ψ1 is Lagrangian.
If manifold M is smooth, then the vetors ∂xjF (x) are linearly indepen-
dent, beause
< ∂xjF (x), ∂xkF (x) >= (∂xjF˜ (x), ∂xkF˜ (x)).
Normal vetors to the hypersurfaes given by equations (2) have the form
nj = (e1ju1, . . . , enjun).
If point (u1, . . . , un) ∈M is smooth, then nj are linearly independent, onse-
quently, the matrix onsisting of omponents of vetors nj has rank n−k. By
multiplying the k-th olumn by piiepii(ek,y) its rank (over R) does not hange.
Therefore the vetors
∂yjF = (piie1jf1e
pii(e1,y), . . . , piienjfne
pii(en,y))
are linearly independent. From (5) follows that map F is smooth of maximal
rank.
From (5) also follows that in tangent spae of eah point one an hoose
an orthonormal basis of form
pj = (pj1(x)e
pii(e1,y), . . . , pjn(x)e
pii(en,y)), j = 1, . . . , k,
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qs = (piiqs1(x)e
pii(e1,y), . . . , piiqsn(x)e
pii(en,y)), s = 1, . . . , n− k.
OnM1 one an hoose an orientation suh that the Lagrangian angle has the
form
β = −i log(dz1 ∧ . . . ∧ dzn(p, q)) = −i log i
n−kei(e1+...+en,y),
where (p, q) is a matrix (up to interhanging two lines) onsisting of ompo-
nents of vetors pj and qs. From Lemma 2 follows ∆β = 0, whih proves the
H-minimality of ψ1. If e = 0, then β = const and from formula (3) follows
the minimality of ψ1.
By definition of Γ follows that if γ ∈ Γ, γ 6= 0, then there is a vetor ej
suh that (γ, ej) is an odd number. Indeed, if (γ, es) ∈ 2Z for all s, then by
definition
γ
2
∈ Λ∗, therefore γ ∈ 2Λ∗. Consequently, epii(ej ,y+γ) = −epii(ej ,y),
and thus the ation of group Γ on M × T n−k is free.
We show that selfintersetions of ψ1(M1) an arise only in points for
whih uj = 0 for some j. Suppose that
ϕ(u1, . . . , un, y) = ϕ(u
′
1, . . . , u
′
n, y
′)
and uj 6= 0. Then
|u1| = |u
′
1|, . . . , |un| = |u
′
n|,
epii(e1,y−y
′) = ±1, . . . , epii(en,y−y
′) = ±1,
i.e.
(e1, y − y
′) ∈ Z, . . . , (en, y − y
′) ∈ Z,
onsequently, γ = y − y′ ∈ Γ,
u1 = u
′
1 cospi(e1, γ), . . . , un = u
′
n cospi(en, γ),
γ(u′1, . . . , u
′
n, y
′) = (u1, . . . , un, y).
Thus ψ1 is an immersion of manifold M1 in C
n
. Theorem 1 is proven.
Example 1. Let M be an ellipse
u21 + 2u
2
2 = 1.
In this ase
Λ = Z, Λ∗ = Z, Γ = Z2.
The non-zero element γ from Γ ats on M × S1 in the following way:
γ(u1, u2, q) = (−u1, u2,−q).
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Up to a homeomorphism we an suppose that M is a unit irle in C1, then
γ ats on torus T = S1 × S1 in the following way
γ(q1, q2) = (q¯1,−q2).
We onsider a universal overing of torus T by plane R2
(x, y)→ (e2piix, e2piiy).
An ation Z2 on T indues an ation Z2 on R
2
, point (x, y) moves by ation
of the non-zero element in (−x, y+ 1
2
). Thus manifold T/Z2 is homeomorphi
to R2/{Z⊕Z⊕Z2}. The retangle with the verties A(0, 0), B(0,
1
2
), C(1, 0),
D(1, 1) serves as a fundamental domain of ation of group Z ⊕ Z ⊕ Z2 on
R2. Thereby vetor AB must be identified with CD, and vetor AC  with
BD, but with a hange of orientation. Consequently, M × S1/Γ is Klein's
bottle K. By mapping ϕ irles {(0, 1√
2
, y)} and {(0,− 1√
2
, y + 1
2
)} of K are
indential.
Example 2. We onsider a more general situation. Let M be a (n − 1)-
dimensional ellipsoid
m1u
2
1 + . . .+mnu
2
n = 1,
where mj are natural numbers. The non-zero element γ ∈ Γ = Z2 ats on
M × S1 in the following way:
γ(u, q) = (τ(u),−q),
where τ : M → M is some involution. We ut S1 in two halves. Up to
a homeomorphism we an suppose that one of these parts is the interval
[0, 1]. Then M×S1/Γ is obtained from a ylinderM × [0, 1] by identifiation
of points on the boundary, namely, the point of the form (u, 0) must be
identified with (τ(u), 1). If τ preserves the orientation of M , then M ×S1/Γ
is diffeomorphi to Sn−1 × S1, and if it does not, then M × S1/Γ is the
generalized Klein's bottle Kn. For example, in the ase when M is a sphere,
the involution τ identifies point u with −u. If the sphere is evendimensional,
then τ does not preserve its orientation, but if the sphere is odddimensional,
then τ does preserve its orientation. Thereby map ϕ indues the embedding
of manifold M × S1/Γ.
Example 3. Let M be an intersetion of sphere
u21 + . . .+ u
2
n = 1
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and one
u21 + . . .+ u
2
n−1 = u
2
n,
M is a unifiation of two non-interseting spheres (un > 0 and un < 0). In
this ase
Λ = e1Z⊕ e3Z, e1 = (1, 1), e3 = (1,−1),
Λ∗ = γ1Z⊕ γ2Z, γ1 =
(
1
2
,
1
2
)
, γ2 =
(
1
2
,−
1
2
)
, Γ = Z2 ⊕ Z2.
The elements γ1 and γ2 at on M × T
2
in the following way
γ1(u1, . . . , un, y) = (u1 cospi, . . . , un−1 cos pi, un cos 0, y + γ1)
= (−u1, . . . ,−un−1, un, y + γ1) ,
γ2(u1, . . . , un, y) = (u1, . . . , un−1,−un, y + γ2) .
The element γ2 glues two non-interseting omponents M × T
2
(un > 0 and
un < 0). Up to a homeomorphism one an suppose that the omponent of
onnetedness M × T 2 is Sn−2 × S1 × S1, then an ation Z2 on it looks the
following way
γ(q1, q2, q3) = (−q1,−q2, q3).
Consequently,M×T 2/Γ is diffeomorphi to Kn−1×S1 if n is an even number
and Sn−2 × S1 × S1 if n is an odd number (see example 2). We prove that
ψ1(M1) has no selfintersetions. We suppose that
ϕ(u1, . . . , un, y) = ϕ(u
′
1, . . . , u
′
n, y
′).
It is lear that un 6= 0 and at least one of the omponents u1, . . . , un−1 is
non-zero. Let uj 6= 0. Then
epii(ej ,y−y
′) = ±1, epii(en,y−y
′) = ±1,
i.e.
(ej , y − y
′) ∈ Z, (en, y − y
′) ∈ Z,
Sine e1 = . . . = en−1, then γ = y − y
′ ∈ Γ,
u1 = u
′
1 cospi(e1, γ), . . . , un = u
′
n cospi(en, γ).
Consequently,
γ(u′1, . . . , u
′
n, y
′) = (u1, . . . , un, y).
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Example 4. Let M be an intersetion of ellipsoid
u21 + 2u
2
2 + u
2
3 = 1
and one
u21 + 2u
2
2 = u
2
3.
As in the previous example an ation Γ on M × T 2 is redued to an ation
Z2 on torus S
1 × S1 × S1 ⊂ C3
γ(q1, q2, q3) = (q¯1,−q2, q3).
Consequently, M × T 2/Γ is diffeomorphi to K × S1.
4 Immersions in CP n (Theorem 2)
Proof of Theorem 2. We onsider the Hopf bundle
h : S2n−1 → CP n−1.
We suppose that S2n−1 is a unit sphere in Cn. h maps every irle S1 ⊂ S2n−1
given by an intersetion of S2n−1 with the omplex line l ⊂ Cn, 0 ∈ l into a
point of the projetive spae orresponding to l.
Let L˜ be a simple onneted (n − 1)-dimensional submanifold in S2n−1
suh that for any point p ∈ L˜ the linear hull of radius-vetor p and the
tangent spae to L˜ in point p is a Lagrangian n-dimensional spae in Cn. We
shall suppose that L˜ is a suffiiently small neigbourhood of point p. By L we
denote h(L˜) ⊂ CP n−1.
Lemma 3 Submanifold L ⊂ CP n−1 is Lagrangian. Map h : L˜ → L is an
isometry.
Proof. In every point p ∈ L˜ we hoose a tangent basis ξ1, . . . , ξn−1 to
L˜. Then by ondition of Lemma 3 we have equalities
ω(ξk, p) = (ξk, ip) = (ξk, p) = 0.
Consequently, every vetor ξk is orthogonal to irle S
1
p ⊂ S
2n−1, whih is an
intersetion of S2n−1 and a omplex line passing through p. Thus the tangent
spae to L˜ in point p is orthogonal to a fiber of the Hopf bundle inluding p,
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i.e. manifold L˜ is a horizontal manifold by Hopf mapping h. Consequently,
sine h is a Riemannian submersion, h|
L˜
is an isometry. Equality
Ω(h∗(ξk), h∗(ξj)) = ω(ξk, ξj) = 0
holds, whih means that L is a Lagrangian submanifold in CP n−1. Lemma 3
is proven.
We define a (n − 1)-form σ on L. For any tangent vetors η1, . . . , ηn−1
to L in point h(p), where p ∈ L˜ there exist uniquely defined tangent vetors
ξ1, . . . , ξn−1 to L˜ in point p suh that h∗(ξi) = ηi. We suppose
σ(η1, . . . , ηn−1) = σ(h∗(ξ1), . . . , h∗(ξn−1)) = dz1 ∧ . . . ∧ dzn(ξ1, . . . , ξn−1, p).
We show that with the help of σ one an alulate the Lagrangian angle β1 on
L. For this it is neessary to show that∇|Lσ = 0, where∇ is a onnetion in a
anonial bundle over CP n−1, onordant with the LeviChivita onnetion.
Analogially one an define σ on the tangent vetors η1, . . . , ηn−1 in points of
L to CP n−1. For this it is neessary to take their horizontal lifting ξ1, . . . , ξn−1
on L˜.
Lemma 4 Form σ is parallel on L for onnetion ∇|L .
Proof. In order to prove parallelism of σ it is suffiient to onsider an
arbitrary smooth path s(t) in L, to onsider an arbitrary parallel tangent
frame η(t) = (η1(t), . . . , ηn−1(t)) to CP
n−1
along s and to show that σ(η(t))
is not dependent on parameter t. Let s˜ ⊂ L˜ be a horizontal lifting of s and
(ξ1(t), . . . , ξn−1(t)) be a horizontal lifting of frame η(t) by h. For a Levi
Chivita onnetion D on S2n−1 and vetor fields X and Y we have
DXY = HDXY + VDXY,
whereHDXY and VDXY are horizontal and vertial omponents, respetive-
ly. Moreover, h∗(HDXY ) = D˜h∗(X)h∗(Y ), where D˜ is a LeviChivita onne-
tion on CP n−1. Consequently, sine field ηi(t) is parallel along s and ξi(t)
is its horizontal lifting, field
dξi
dt
has the form fi(t)s˜(t), where fi(t) is some
omplex-valued funtion, sine the projetion of vetor
dξi
dt
on S2n−1 must not
have a horizontal omponent. The following equality holds:
σ(η(t)) = det


ξ11(t) . . . ξ
n
1 (t)
. . . . . . . . .
ξ1n−1(t) . . . ξ
n
n−1(t)
s1(t) . . . sn(t)

 ,
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where (ξ1i , . . . , ξ
n
i ) are omplex oordinates of vetors ξi, (s
1(t), . . . , sn(t)) are
omplex oordinates of s. Then
d
dt
σ(η(t)) = det


d
dt
ξ11(t) . . .
d
dt
ξn1 (t)
. . . . . . . . .
ξ1n−1(t) . . . ξ
n
n−1(t)
s1(t) . . . sn(t)

 + . . .+
det


ξ11(t) . . . ξ
n
1 (t)
. . . . . . . . .
d
dt
ξ1n−1(t) . . .
d
dt
ξnn−1(t)
s1(t) . . . sn(t)

+ det


ξ11(t) . . . ξ
n
1 (t)
. . . . . . . . .
ξ1n−1(t) . . . ξ
n
n−1(t)
d
dt
s1(t) . . . d
dt
sn(t)

 = 0.
The first n− 1 determinants are equal to 0 by virtue of linear dependeny of
vetors
d
dt
ξi and s. Vetors η1, . . . , ηn−1,
ds
dt
are (omplex) linearly dependent,
onsequently, their horizontal liftings ξ1, . . . , ξn−1,
ds˜
dt
are also linearly depen-
dent, therefore the last determinant is equal to zero, as well. Lemma 4 is
proven.
Let p be some intersetion point of one ψ1(M1) ⊂ C
n
and sphere S2n−1.
By m we denote one of the points in the inverse image ψ−11 (p) (if p is a
selfintersetion point of ψ1(M1), then there are several). By V we denote some
small neighbourhood ofm and by L˜ the intersetion ψ1(V )∩S
2n−1
. By Lemma
3 submanifold h(L˜) ⊂ CP n−1 is Lagrangian. Consequently, immersion ψ2 is
also Lagrangian, beause ψ2(M2) an be overed by neighbourhoods of type
h(L˜). By onstrution of form σ we have
β(p) = β1(h(p))
(for simpliity we will identify V and ψ1(V ) and also small neighbourhoods
in M2 with their images by ψ2).
By hoosing map F in the proof of Theorem 1 one an suppose that one
of the oordinates, say, x1, is a oordinate along straight lines that generate
a one, and x2, . . . , xk are oordinates on ψ
−1
1 (L˜). Then the metri on L˜,
and, as follows from Lemma 3, on L, in the neighbourhood of point h(p)
has the form (4), where x = (x2, . . . , xk) and the summation on oordinate
x1 are skipped. By Lemma 2 funtion β1 is harmoni on M2, whih proves
the H-minimality of ψ2. From formula (3) follows the remaining part of the
theorem. Theorem 2 is proven.
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Example 5. Let k = 1, dj = 0 in (2). Then ψ2(M2) is a (n−1)-dimensional
Clifford torus in CP n−1
ψ2(M2) = {(u1e
pii(e1,y) : . . . : une
pii(en,y))} ⊂ CP n−1.
Example 6. Let M be a one
u21 + 2u
2
2 = 3u
2
3.
Then
Λ = Z, Λ∗ = Z, Γ = Z2.
The non-zero element from Γ maps point (u1, u2, u3, q) ∈M × S
1
into point
(−u1, u2,−u3,−q). Consequently, ψ2 is a minimal immersion of Klein's bottle
(see example 1).
Example 7. Let M be given by equation
m1u
2
1 + . . .+mn−1u
2
n−1 = mnu
2
n,
where mj are natural numbers. In this ase the topologial type of M2 will
be the same as in example 2. If m1 + . . .+mn−1 = mn, then immersion ψ2 is
minimal. If m1 = . . . = mn−1, then immersion ψ2 is an embedding.
It is not diffiult to onstrut examples in CP n analogially to those in 3
and 4.
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